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Abstract: In 1985, Yu. V. Nesterenko produced a criterion for linear indepen-
dence, which is a variant of Siegel’s. While Siegel uses upper bounds on full
systems of forms, Nesterenko uses upper and lower bounds on sufficiently dense
sequences of individual forms. The proof of Nesterenko’s criterion was simplified
by F. Amoroso and P. Colmez in 2003. More recently, S. Fischler and W. Zudilin
produced a refinement, together with a much simpler proof. This new proof rests
on a simple argument which we expand here. We get a new result, which contains
Nesterenko’s criterion, as well as criteria for algebraic independence.
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1 Introduction
In his fundamental paper [9] in 1929, C.L. Siegel introduced the following result.
Theorem 1.1 (Siegel’s linear independence criterion). Let ϑ = (ϑ1, . . . , ϑm) ∈
Rm . Assume that, for all ε > 0 , there exists a complete system of m+ 1 linearly
independent linear forms in m+ 1 variables
Li = Li(X) =
m∑
j=0
bijXj , i = 0, 1, . . . ,m, bij ∈ Z,
such that
max
0≤i≤m
|Li(1, ϑ)| ≤
ε
Am−1
where A = max
0≤i,j≤m
|bij |.
Then the numbers 1, ϑ1, . . . , ϑm are linearly independent over Q .
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This result is discussed in [3] Chap. 2 § 1.4. We reproduce the proof here. As
pointed out by Siegel, this argument yields not only linear independence results,
but also quantitative refinements (measures of linear independence) which we do
not consider here. Studying only qualitative aspects of the subject enables us to
simplify the situation.
Proof. Let
L(X) = a0X0 + · · ·+ amXm, aj ∈ Z,
be a non–zero linear form with integer coefficients in m+ 1 variables. The aim is
to prove, under the assumptions of Theorem 1.1, L(1, ϑ) 6= 0. Set
H = max
0≤j≤m
|aj |.
Let ε be a positive real number < 1/(m! ·mH). Among the forms {L0, . . . , Lm}
satisfying the assumptions of Theorem 1.1 for this value of ε , there exist m of
them, say Lk1 , . . . , Lkm , which along with L make up a complete system of linearly
independent forms. Denote by ∆ the determinant of the coefficient matrix of the
system of linear forms L,Lk1, . . . , Lkm and, for 0 ≤ i, j ≤ m , by ∆i,j the (i, j)-
minor of this matrix. Then
∆ = L(1, ϑ) ·∆0,0 +
m∑
i=1
Lki(1, ϑ) ·∆i,0.
Since ∆ ∈ Z and ∆ 6= 0, we have |∆| ≥ 1. One easily estimates, for 0 ≤ j ≤ m ,
|∆0,j | ≤ m!A
m and max
1≤i≤m
|∆i,j | ≤ m!HA
m−1.
It follows that
(m!)−1 ≤ |L(1, ϑ))| ·Am +
m∑
i=1
|Lki(1, ϑ)| ·HA
m−1
≤ |L(1, ϑ)| ·Am + ε ·mH
< |L(1, ϑ)| ·Am + (m!)−1.
Thus L(1, ϑ) 6= 0.
Siegel used this approach to prove transcendence results (linear independence
of 1, ϑ, . . . , ϑm, . . .).
In 1985, Yu. V. Nesterenko (see the corollary of the theorem in [7]) introduced a
different type of criterion, involving a sequence of linear forms (and not a sequence
of complete systems of linear forms); for each of them, he requires not only an
upper bound, but also a lower bound.
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Theorem 1.2 (Nesterenko’s linear independence criterion). Let c1, c2, τ1, τ2 be
positive real numbers and σ(n) a non–decreasing positive function such that
lim
n→∞
σ(n) =∞ and lim
n→∞
σ(n+ 1)
σ(n)
= 1.
Let ϑ = (ϑ1, . . . , ϑm) ∈ R
m . Assume that, for all sufficiently large integers n ,
there exists a linear form with integer coefficients in m+ 1 variables
Ln(X) = ℓ0nX0 + ℓ1nX1 + · · ·+ ℓmnXm,
which satisfies the conditions
m∑
i=0
|ℓin| ≤ e
σ(n) and c1e
−τ1σ(n) ≤ |Ln(1, ϑ)| ≤ c2e
−τ2σ(n).
Then dimQ(Q+Qϑ1 + · · ·+Qϑm) ≥ (1 + τ1)/(1 + τ1 − τ2) .
The original proof by Nesterenko was rather involved; it has been simplified by
F. Amoroso [1] and this simplification was revisited (and translated from Italian
to French) by P. Colmez [2]. Recently, S. Fischler and W. Zudilin [5] obtained a
refinement of Nesterenko’s Criterion. Their proof of this refinement is much easier
than the previous proofs. We develop this refinement in the second section, also
we show that this result contains Nesterenko’s Criterion. Then we deduce criteria
for algebraic independence and transcendence criteria in the third and the fourth
sections, respectively.
2 Main theorem and its proof
Here is our main result.
Theorem 2.1. Let ξ = (ξi)i≥0 be a sequence of real numbers with ξ0 = 1 ,
(rn)n≥0 a non–decreasing sequence of positive integers, (Qn)n≥0 , (An)n≥0 and
(Bn)n≥0 sequences of positive real numbers such that limn→∞ A
1/rn
n = ∞ and,
for all sufficiently large integers n ,
QnBn ≤ Qn+1Bn+1.
For any integer n ≥ 0 , let
Ln(X) = ℓ0nX0 + ℓ1nX1 + · · ·+ ℓrnnXrn
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be a linear form with integer coefficients in rn+1 variables. Assume that, for any
sufficiently large integer n ,
rn∑
i=0
|ℓin| ≤ Qn, 0 < |Ln(ξ)| ≤
1
An
and
|Ln−1(ξ)|
|Ln(ξ)|
≤ Bn.
Then
An ≤ 2
rn+1(BnQn)
rn
for all sufficiently large integers n .
Proof. For n a sufficiently large integer, let Cn be the convex symmetric compact
set in R1+rn defined by
|x0| ≤
1
2|Ln(ξ)|
, |x0ξi − xi| ≤ |2Ln(ξ)|
1/rn (1 ≤ i ≤ rn). (1)
The volume of Cn is 2
rn+1 . From Minkowski’s Convex Body Theorem (Theorem
2B of Chapter II, [8]), there is a non-zero integer point in Cn . We fix such a
x(n) = (x0(n), . . . , xrn(n)) ∈ Z
rn+1 \ {0} . Since A
1/rn
n →∞ as n→∞ , we have
x0(n) 6= 0 for n sufficiently large. Indeed, if we had x0(n) = 0 with An > 2, we
would have |xi(n)| ≤ (2/An)
1/rn < 1, and then xi(n) = 0, for each i = 1, ..., rn ,
which contradicts the choice of x(n).
From the assumptions and the estimate |2Ln(ξ)|
1/rn ≤ (2/An)
1/rn for n suf-
ficiently large, it follows that the sequence |2Ln(ξ)|
1/rn tends to zero as n→∞ .
Since rn ≥ 1, |Ln(ξ)| also tends to zero.
Now if the sequence |x0(n)| did not tend to infinity, it admits a bounded
subsequence, so a constant subsequence, and we would have x0(n) = y , with
y ∈ Z , y 6= 0, for all n belonging to an infinite subset A of N . For all integers
i ≤ sup rn , we would have limn∈A,n→∞(yξi − xi(n)) = 0, therefore xi(n) = yξi
for n ∈ A sufficiently large. Thus yξi ∈ Z for all i , hence yLn(ξ) ∈ Z for all n .
Since Ln(ξ) 6= 0, then we would have |Ln(ξ)| ≥ 1/|y| for all n , which contradicts
the fact that |Ln(ξ)| tends to zero. Therefore limn→∞ |x0(n)| =∞ .
We fix n sufficiently large and we write x instead of x(n). Let k denote the
least positive integer such that
|x0| ≤
1
2|Lk(ξ)|
·
Since |x0| tends to infinity with n , it follows that k also tends to infinity with n .
Moreover we have k ≤ n and
|x0| >
1
2|Lk−1(ξ)|
·
On the criteria for linear independence of Nesterenko, Fischler and Zudilin 5
Now we can write
rk∑
i=0
ℓikxi = x0
rk∑
i=0
ℓikξi +
rk∑
i=0
ℓik(xi − x0ξi). (2)
The term on the left-hand side of (2) is an integer. On the right-hand side, the
first term has absolute value equal to |x0Lk(ξ)| . Therefore it is bounded above
by 1/2. We now use the following remark (compare with [5]): if an integer can be
written as a sum x+ y of two real numbers with |x| ≤ 1/2 , then |y| ≥ |x| . Hence∣∣∣∣∣
rk∑
i=0
ℓik(xi − x0ξi)
∣∣∣∣∣ ≥
∣∣∣∣∣x0
rk∑
i=0
ℓikξi
∣∣∣∣∣ . (3)
The term on the left-hand side of (3) is bounded above by
rk∑
i=0
|ℓik| max
1≤i≤rn
|xi − x0ξi| ≤ Qk(2|Ln(ξ)|)
1/rn ≤ Qk
(
2
An
)1/rn
,
while the term on the right-hand side of (3) is bounded below by
|x0|· |Lk(ξ)| ≥
1
2|Lk−1(ξ)|
· |Lk(ξ)| ≥
1
2Bk
·
Thus
An ≤ 2(2BkQk)
rn .
Since BkQk ≤ BnQn , this implies An ≤ 2(2BnQn)
rn .
Remark 2.2. Theorem 2.1 does not contain Theorem 6 of [5], since the latter
introduces refinements involving gcd’s, but its proof relies on the same arguments.
We deduce from Theorem 2.1 a slight refinement of Theorem 1.2 (Nesterenko’s
linear independence criterion).
Corollary 2.3. Let τ1, τ2 be positive real numbers and σ(n) a non–decreasing
positive function such that limn→∞ σ(n) = ∞ . Let ϑ = (ϑ1, . . . , ϑm) ∈ R
m .
Assume that, for all sufficiently large integers n , there exists a linear form with
integer coefficients in m+ 1 variables
Ln(X) = ℓ0nX0 + ℓ1nX1 + · · ·+ ℓmnXm
which satisfies the conditions
m∑
i=0
|ℓin| ≤ e
σ(n) and e−(τ1+o(1))σ(n) ≤ |Ln(1, ϑ)| ≤ e
−(τ2+o(1))σ(n+1).
Then dimQ(Q+Qϑ1 + · · ·+Qϑm) ≥ (1 + τ1)/(1 + τ1 − τ2) .
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Remark 2.4. 1. If ℓ is an integer and if the assumptions of Corollary 2.3 are
satisfied for parameters τ1 and τ2 such that τ1 > (ℓ − 1) + (τ2 − τ1)ℓ , then
the conclusion yields dimQ(Q + Qϑ1 + · · · + Qϑm) ≥ ℓ + 1. In particular, if
τ1 > (m− 1) +m(τ1 − τ2), then 1, ϑ1, . . . , ϑm are linearly independent over Q .
2. The hypotheses of Corollary 2.3 imply that Ln(1, ϑ) 6= 0 and limn→∞ Ln(1, ϑ) =
0, therefore ϑ /∈ Qm . When the aim is to prove ϑ /∈ Qm , there is no need of a
lower bound for |Ln(1, ϑ)| . However, assuming a lower bound for |Ln(1, ϑ)| en-
ables Nesterenko in [7] to reach a quantitative estimate. Consider for instance the
special case m = 1 with ϑ1 = ϑ ∈ R : under the assumptions of Theorem 1.2,
ϑ is not a Liouville number. Conversely, Theorem 1 of [4] shows that for a real
number ϑ = ϑ1 which is not a Liouville number, the assumptions of Corollary 2.3
with m = 1 are satisfied for suitable values of the parameters.
Proof of Corollary 2.3. Set ϑ0 = 1. Let {ξ0, ξ1, . . . , ξr} with ξ0 = 1 be a basis
of the vector space spanned by ϑ0, . . . , ϑm over Q . Let ξ = (ξ1, . . . , ξr) ∈ R
r .
Then for 0 ≤ i ≤ m , there are integers d, ci0, . . . , cir with d > 0 such that
dϑi =
r∑
j=0
cijξj . For any n ∈ N , define a linear form in r + 1 variables Y0, . . . , Yr
with integer coefficients by
Λn(Y0, . . . , Yr) = Ln

 r∑
j=0
c0jYj , . . . ,
r∑
j=0
cmjYj


=
m∑
i=0
ci0ℓinY0 + · · ·+
m∑
i=0
cirℓinYr.
From the definition of Λn we infer Λn(1, ξ) = d ·Ln(1, ϑ). We apply Theorem 2.1
with a finite sequence ξ0, ξ1, . . . , ξr with rn = r for all n . Let τ
′
1 and τ
′
2 satisfy
τ ′1 > τ1 and τ
′
2 < τ2 . We take
Qn = ce
σ(n), An = e
τ ′2σ(n+1) and Bn = e
(τ ′1−τ
′
2)σ(n),
where c > 0 is a suitable constant. We obtain
eτ
′
2σ(n+1) ≤ 2r+1crer(τ
′
1−τ
′
2+1)σ(n).
Since σ(n) is non–decreasing and tends to infinity, this estimate implies
τ ′2 ≤ r(1 + τ
′
1 − τ
′
2).
Since this last inequality holds for all (τ ′1, τ
′
2) with τ
′
1 > τ1 and τ
′
2 < τ2 , we deduce
r ≥ τ2/(1 + τ1 − τ2). Therefore
dimQ(Q +Qϑ1 + · · ·+Qϑm) = r + 1 ≥
τ2
1 + τ1 − τ2
+ 1 =
1 + τ1
1 + τ1 − τ2
·
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3 Criteria for algebraic independence
We deduce from Theorem 2.1 the following criterion for algebraic independence:
Corollary 3.1. Let ϑ1, . . . , ϑt be real numbers, (dn)n≥0 a sequence of positive
integers, (αn)n≥0, (βn)n≥0 and (γn)n≥0 sequences of positive real numbers such
that limn→∞ d
−t
n γn =∞ and, for all sufficiently large integers n ,
αn + βn − γn−1 ≤ αn+1 + βn+1 − γn.
Assume that there exists a sequence (Pn)n≥0 of polynomials in Z[X1, . . . , Xt] ,
where Pn has total degree at most dn and length at most e
βn , satisfying
e−αn ≤ |Pn(ϑ1, . . . , ϑt)| ≤ e
−γn .
Then
γn ≤ log 2 +
((
dn + t
t
)
− 1
)
(αn + βn − γn−1 + log 2)
for all sufficiently large integers n .
Proof. The number of integer tuples i = (i1, . . . , it) in Z
t
≥0 with i1+ · · ·+ it ≤ dn
is
(
dn + t
t
)
. For each of these i , let ξi = ϑ
i1
1 . . . ϑ
it
t . Let n ∈ N . We write
Pn(X1, . . . , Xt) =
∑
i
ai,nX
i1
1 . . . X
it
t .
Put Ln(X) =
∑
i ai,nXi . Then Ln(ξ) = Pn(ϑ1, . . . , ϑt). Applying Theorem 2.1
with rn =
(
dn + t
t
)
− 1, Qn = e
βn , An = e
γn and Bn = e
αn−γn−1 , we obtain
γn ≤ log 2 +
((
dn + t
t
)
− 1
)
(αn + βn − γn−1 + log 2)
for all sufficiently large integers n .
We deduce from Corollary 3.1 the following special cases. In the first one, we
consider a sequence of bounded degree polynomials. Since our method relies on
linear elimination, our results are sharp when the dimension of the space is not too
large. As far as criteria for algebraic independence are concerned, we get sharper
results when the degree is bounded.
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Corollary 3.2. Let ϑ1, . . . , ϑt be real numbers, d a positive integer, τ1, τ2 positive
real numbers and σ(n) a non–decreasing positive function such that limn→∞ σ(n) =
∞ . Assume that there exists a sequence (Pn)n≥0 of polynomials in Z[X1, . . . , Xt] ,
where Pn has total degree at most d and length at most e
σ(n) , satisfying
e−(τ1+o(1))σ(n) ≤ |Pn(ϑ1, . . . , ϑt)| ≤ e
−(τ2+o(1))σ(n+1).
Then
τ2 ≤
((
d+ t
t
)
− 1
)
(1 + τ1 − τ2).
Proof. Let ε be a positive real number < τ2 . Set τ
′
1 = τ1+ε and τ
′
2 = τ2−ε . We
apply Corollary 3.1 with dn = d , αn = τ
′
1σ(n), βn = σ(n) and γn = τ
′
2σ(n+ 1).
The conclusion follows by letting ε tend to 0.
Here are examples with sequences of polynomials whose degrees could tend to
infinity.
Corollary 3.3. Let ϑ1, . . . , ϑt be real numbers, β , δ , κ and λ positive real
numbers, α and γ real numbers. Assume κ ≤ 1/t . Further, assume that there
exists a sequence (Pn)n≥0 of polynomials in Z[X1, . . . , Xt] , where Pn has total
degree at most δnκ + o(nκ) and length at most eβn+o(n) , satisfying
e−λn
1+tκ−(α+o(1))n ≤ |Pn(ϑ1, . . . , ϑt)| ≤ e
−λn1+tκ−(γ+o(1))n.
Then
λ(1 − 2δt/t!) ≤ δt(α+ β − γ)/t! when κ = 1/t,
and
λ ≤ δt(α+ β − γ)/t! when κ < 1/t.
Proof. Let ε be a positive real number. Set α′ = α + ε , β′ = β + ε , γ′ = γ − ε
and δ′ = δ + ε . Let dn = δ
′nκ , βn = β
′n , γn = λn
1+tκ + γ′n ,
αn =


λn2 + α′n when κ = 1/t,
λ(n− 1)1+tκ + α′n when κ < 1/t.
We obtain e−αn ≤ |Pn(ϑ1, . . . , ϑt)| ≤ e
−γn for n sufficiently large. Besides,
αn + βn − γn−1 =


(2λ+ α′ + β′ − γ′)n− λ+ γ′ when κ = 1/t,
(α′ + β′ − γ′)n+ γ′ when κ < 1/t.
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Since the hypothesis implies that α− γ ≥ 0, it follows that the sequence
(αn + βn − γn−1)n≥1
is non–decreasing for sufficiently large n . The conclusion follows by applying
Corollary 3.1 and letting ε tend to 0.
Corollary 3.4. Let ϑ1, . . . , ϑt be real numbers, (dn)n≥0 a sequence of positive
integers and β , κ and λ positive real numbers. Assume
dn = o(n
1/t) and dtn − d
t
n−1 ≤ κ
for all sufficiently large integers n . Further, assume that there exists a sequence
(Pn)n≥0 of polynomials in Z[X1, . . . , Xt] , where Pn has total degree at most dn
and length at most eβn+o(n) satisfying
|Pn(ϑ1, . . . , ϑt)| = e
−(λndt
n
+o(n)).
Then
λ(t!− κ) ≤ β.
Proof. Let ε > 0, αn = λ(n−1)(d
t
n−1+κ)+εn , γn = λnd
t
n−εn and βn = βn+εn .
For n sufficiently large, since
λn(dtn − d
t
n−1) + λ(d
t
n−1 + κ) + o(n) ≤ λnκ+ o(n) ≤ λnκ+ εn,
we have
λndtn + o(n) ≤ λ(n− 1)(d
t
n−1 + κ) + εn.
It follows that |Pn(ϑ1, . . . , ϑt)| ≥ e
−αn .
Also, |Pn(ϑ1, . . . , ϑt)| ≤ e
−γn for n sufficiently large.
Since αn + βn − γn−1 = (λκ+ β + 3ε)n− λκ− ε , it follows that the sequence
(αn + βn − γn−1)n≥1 is non–decreasing for sufficiently large n . The conclusion
follows by applying Corollary 3.1 and letting ε tend to 0.
Algebraic independence results follow from our criteria:
Corollary 3.5. Let ϑ1, . . . , ϑt be real numbers, d , δ two positive integers with
d ≥ δ and τ , η two positive real numbers satisfying
τ
1 + η
>
(
t+ d
t
)
−
(
t+ d− δ
t
)
− 1.
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Let
(
σ(n)
)
n≥1
be a non–decreasing sequence of real numbers which tends to infin-
ity. Assume that there is a sequence (Pn)n≥n0 of polynomials in Z[X1, . . . , Xt] ,
where Pn has total degree ≤ d and length ≤ e
σ(n) , such that
e−(τ+η+o(1))σ(n) ≤ |Pn(ϑ1, . . . , ϑt)| ≤ e
−(τ+o(1))σ(n+1).
Then ϑ1, . . . , ϑt do not satisfy any algebraic dependence relation with rational
coefficients of degree ≤ δ .
Proof. We use Corollary 2.3 with τ1 = τ + η , τ2 = τ , and 1, ϑ1, . . . , ϑm in
Corollary 2.3 replaced by ϑi11 · · ·ϑ
it
t with i1+ · · ·+ it ≤ d . Then the dimension of
the subspace of R over Q spanned by {ϑi11 · · ·ϑ
it
t | i1 + · · ·+ it ≤ d} is bounded
below by
1 +
τ
1 + η
·
Now, we suppose that there exists a polynomial Q ∈ Z[X1, . . . , Xt] of total
degree ≤ δ such that Q(ϑ1, . . . , ϑt) = 0. Let ψ be the linear transformation from
the set of all polynomials of total degree ≤ d in Q[X1, . . . , Xt] to R defined by
ψ(P (X1, . . . , Xt)) = P (ϑ1, . . . , ϑt) for P (X1, . . . , Xt) ∈ Q[X1, . . . , Xt] . Then
{Xj11 · · ·X
jt
t ·Q | j1 + · · ·+ jt ≤ d− δ} ⊂ kerψ.
It follows that
dim(kerψ) ≥
(
t+ d− δ
t
)
.
Therefore, the dimension of the image of ψ , which is equal to
(
t+ d
t
)
− dim(kerψ),
is bounded above by (
t+ d
t
)
−
(
t+ d− δ
t
)
.
Since the image of ψ is the subspace of R over Q spanned by
{ϑi11 · · ·ϑ
it
t | i1 + · · ·+ it ≤ d},
we have
1 +
τ
1 + η
≤
(
t+ d
t
)
−
(
t+ d− δ
t
)
,
which is a contradiction.
When the assumptions of Corollary 3.5 are satisfied for any δ > 0, we deduce
the algebraic independence of the numbers ϑ1, . . . , ϑt .
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Corollary 3.6. Let ϑ1, . . . , ϑt be real numbers and (τd)d≥1 , (ηd)d≥1 two se-
quences of positive real numbers satisfying
τd
dt−1(1 + ηd)
−→ +∞.
Further, let
(
σ(n)
)
n≥1
be a non–decreasing sequence of real numbers which tends to
infinity. Assume that for all sufficiently large d , there is a sequence (Pn)n≥n0(d) of
polynomials in Z[X1, . . . , Xt] , where Pn has total degree ≤ d and length ≤ e
σ(n) ,
such that, for n ≥ n0(d) ,
e−(τd+ηd)σ(n) ≤ |Pn(ϑ1, . . . , ϑt)| ≤ e
−τdσ(n+1).
Then ϑ1, . . . , ϑt are algebraically independent.
Proof. Let δ be a positive integer. For sufficiently large d , we have
(
t+ d
t
)
−
(
t+ d− δ
t
)
− 1 < cdt−1 <
τd
1 + ηd
where c > 0 is a suitable constant. Then the hypotheses of Corollary 3.5 are
satisfied with τ = τd and η = ηd . Hence ϑ1, . . . , ϑt do not satisfy any algebraic
dependence relation with rational coefficients of degree ≤ δ . This is true for all
δ . Therefore ϑ1, . . . , ϑt are algebraically independent.
4 Transcendence criteria
The special case t = 1 of Corollary 3.1 yields a criterion for transcendence, which
is similar to a well known result due to A.O. Gel’fond (see for instance Lemma
6.3, § 1.3, Chap. 6 of [3]).
Corollary 4.1. Let ϑ be a real number, (dn)n≥0 a sequence of positive inte-
gers, (αn)n≥0, (βn)n≥0 and (γn)n≥0 sequences of positive real numbers such that
limn→∞ γn/dn = ∞ and, for all sufficiently large integers n , αn + βn − γn−1 ≤
αn+1 + βn+1 − γn . Assume that there exists a sequence (Pn)n≥0 of polynomials
in Z[X ] , where Pn has degree at most dn and length at most e
βn , satisfying
e−αn ≤ |Pn(ϑ)| ≤ e
−γn .
Then
γn ≤ log 2 + dn(αn + βn − γn−1 + log 2)
for all sufficiently large integers n .
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Here is the special case t = 1 of Corollary 3.2.
Corollary 4.2. Let ϑ be a real number, d a positive integer, τ1, τ2 positive real
numbers and σ(n) a non–decreasing positive function such that limn→∞ σ(n) =
∞ . Assume that there exists a sequence (Pn)n≥0 of polynomials in Z[X ] , where
Pn has degree at most d and length at most e
σ(n) , satisfying
e−(τ1+o(1))σ(n) ≤ |Pn(ϑ)| ≤ e
−(τ2+o(1))σ(n+1).
Then
τ2 ≤ d+ d(τ1 − τ2).
Note that if τ1 = τ2 , then the conclusion is τ1 ≤ d .
It is interesting to compare Corollary 4.2 with the results following from the
proof of Gel’fond’s criterion: in our present paper, we use only linear elimination,
while Gel’fond’s proof relies on algebraic elimination. In Gel’fond’s criterion, there
is no need of a lower bound for |Pn(ϑ)| , but the conclusion is not so sharp. For
instance Lemma 14 [6] implies the following result:
Proposition 4.3 ([6]). Let ϑ be a complex number, d a positive integer, α and β
positive real numbers. Assume that there exists a sequence (Pn)n≥0 of polynomials
in Z[X ] , where Pn has degree at most d and length at most e
βn+o(n) , satisfying
0 < |Pn(ϑ)| ≤ e
−αn+o(n) . Then α ≤ 3dβ .
Under the assumptions of Proposition 4.3, if we assume that ϑ is a real number
and
|Pn(ϑ)| = e
−αn+o(n),
then Corollary 4.2 gives the stronger conclusion α ≤ dβ .
We conclude with the special case t = κ = 1 of Corollary 3.3, which is also the
special case where δn , αn , βn and γn satisfy
δn = δn+o(n), αn = λn
2+αn+o(n), βn = βn+o(n) and γn = λn
2+γn+o(n)
of Corollary 4.1.
Corollary 4.4. Let ϑ be a real number, β , δ and λ positive real numbers such
that δ < 1/2 , α and γ real numbers. Assume that there exists a sequence (Pn)n≥0
of polynomials in Z[X ] , where Pn has degree at most δn+o(n) and length at most
eβn+o(n) , satisfying
e−(λn
2+αn+o(n)) ≤ |Pn(ϑ)| ≤ e
−(λn2+γn+o(n)).
Then λ(1− 2δ) ≤ δ(α+ β − γ) .
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